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ON A CONJECTURE ON PERMUTATION RATIONAL
FUNCTIONS OVER FINITE FIELDS
DANIELE BARTOLI AND XIANG-DONG HOU
Abstract. Let p be a prime and n be a positive integer, and consider fb(X) =
X +(Xp −X + b)−1 ∈ Fp(X), where b ∈ Fpn is such that Trpn/p(b) 6= 0. It is
known that (i) fb permutes Fpn for p = 2, 3 and all n ≥ 1; (ii) for p > 3 and
n = 2, fb permutes Fp2 if and only if Trp2/p(b) = ±1; and (iii) for p > 3 and
n ≥ 5, fb does not permute Fpn . It has been conjectured that for p > 3 and
n = 3, 4, fb does not permute Fpn . We prove this conjecture for sufficiently
large p.
1. Background
Let Fq denote the finite field with q elements. Polynomials over Fq that permute
Fq, called permutation polynomials (PPs) of Fq, have been extensively studied in
the theory and applications of finite fields. Recently, permutation rational functions
(PRs) of finite fields also attracted considerable attention. There are a number of
reasons for studying PRs. Certain types of PPs of high degree can be reduced to
PRs of low degree; this approach has allowed people to solve numerous questions
about PPs [1, 2, 5, 6, 7, 9, 11, 12, 13, 14, 16]. Oftentimes, PRs reveal phenomena
that are not present in PPs; understanding these phenomena requires methods that
are different from those in traditional approaches to PPs.
This paper concerns a conjecture on PRs of the type
fb(X) = X +
1
Xp −X + b ∈ Fp(X)
of Fpn , where p is a prime, n is a positive integer, and b ∈ Fpn is such that
Trpn/p(b) 6= 0. In [15], Yuan et al. proved that for p = 2, 3 and all n ≥ 1, fb
is a PR of Fpn . Recently, it was shown in [8] that for p > 3 and n ≥ 5, fb is not a
PR of Fpn , and for p > 3 and n = 2, fb is a PR of Fp2 if and only if Trp2/p(b) = ±1.
Based on computer search, it was conjectured in [8] that for p > 3 and n = 3, 4,
fb is not a PR of Fpn . We will prove this conjecture for sufficiently large p. Our
approach relies on the Lang-Weil bound on the number of zeros of absolutely irre-
ducible polynomials over finite fields. The main technical ingredient of our proof
is a claim that that a certain polynomial of degree 18 in Fp[Y1, Y2, Y3] has a cyclic
absolutely irreducible factor in Fp[Y1, Y2, Y3] and a claim that a certain polyno-
mial of degree 46 in Fp[Y1, Y2, Y3, Y4] has a cyclic absolutely irreducible factor in
Fp[Y1, Y2, Y3, Y4].
Throughout the paper, Fq denotes the algebraic closure of Fq. For f ∈ Fq[X1, . . . , Xn],
define
VFnq (f) = {(x1, . . . , xn) ∈ Fnq : f(x1, . . . , xn) = 0}.
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f is said to be absolutely irreducible if it is irreducible in Fp[X1, . . . , Xn]. The
resultant of two polynomials f(X) and g(X) in X is denoted by Res(f, g;X).
2. Cyclic Shift and the Forbenius
For σ ∈ Aut(Fq) and f ∈ Fq[X1, . . . , Xn], let σ(f) denote the resulting poly-
nomial by applying σ to the coefficients of f ; this defines an action of Aut(Fq)
on Fq[X1, . . . , Xn]. Let ρ be the cyclic shift on the indeterminates X1, . . . , Xn:
ρ(X1, . . . , Xn) = (X2, , X3, . . . , Xn, X1). For f ∈ Fq[X1, . . . , Xn] and ρi ∈ 〈ρ〉, let
fρ
i
= f(ρi(X1, . . . , Xn)); this gives an action of 〈ρ〉 on Fq[X1, . . . , Xn]. A polyno-
mial f ∈ Fq[X1, ,˙Xn] is called cyclic if fρ = f and is called pseudo-cyclic if fρ = cf
for some nth unity in Fq.
For z ∈ Fqn , z, zq, . . . , zqn−1 form a normal basis of Fqn over Fq if and only if the
Moore matrix of z,
M(z) =


z zq · · · zqn−1
zq zq
2 · · · z
...
...
...
zq
n−1
z · · · zqn−2

 ,
is invertible. An n× n matrix A over Fqn is of the form M(z) for some z ∈ Fqn if
and only if σ(A) = CA = AC−1, where σ( ) = ( )q is the Frobenius map of Fqn/Fq,
σ(A) is the result of entry-wise action of σ on A, and
C =


0 1 0 · · · 0
0 0 1 · · · 0
...
...
...
. . .
...
0 0 0 · · · 1
1 0 0 · · · 0


.
From this, it is easy to see that if M(z) is invertible, then M(z)−1 = M(w) for
some w ∈ Fqn .
Lemma 2.1. Let z ∈ Fqn be such that detM(z) 6= 0. Let f ∈ Fq[X1, . . . , Xn] and
g = f((X1, . . . , Xn)M(z)). Then
(i) f is cyclic if and only if g is cyclic;
(ii) f ∈ Fq[X1, . . . , Xn] and is cyclic if and only if g ∈ Fq[X1, . . . , Xn] and is
cyclic.
Proof. Since f = g((X1, . . . , Xn)M(w)), where M(w) = M(z)
−1, we only have to
prove the “only if” part in both (i) and (ii).
(i) (⇒) We have
g((X1, . . . , Xn)C) = f((X1, . . . , Xn)CM(z))
= f((X1, . . . , Xn)M(z)C
−1)
= f((X1, . . . , Xn)M(z)) (since f is cyclic)
= g.
(ii) (⇒) We have
σ(g) = σ(f((X1, . . . , Xn)M(z)))
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= f((X1, . . . , Xn)σ(M(z))) (since f ∈ Fq[X1, . . . , Xn])
= f((X1, . . . , Xn)M(z)C
−1)
= g.

3. The Case n = 3
For n = 3, we have the following theorem.
Theorem 3.1. Let p ≥ 1734097 be a prime and b ∈ Fp3 be such that Trp3/p(b) 6= 0.
Then fb is not a PR of Fp3 . (Note: 1734097 is the 130492th prime.)
Proof. We have
fb(X + Y )− fb(X) = Y (Z(X)
2 + (Y p − Y )Z(X) + 1− Y p−1)
Z(X)Z(X + Y )
,
where
Z(X) = Xp −X + b.
Let
F (X,Y ) = Z(X)2 + (Y p − Y )Z(X) + 1− Y p−1 ∈ Fp3 [X,Y ].
It suffices to show that there exists (x, y) ∈ F2p3 with y 6= 0 such that F (x, y) = 0,
i.e., such that
(3.1) z2 + (yp − y)z + 1− yp−1 = 0,
where z = xp − x+ b. The solution of (3.1) for z is
(3.2) z =
1
2
(−(yp − y) + ∆),
where
∆2 = (yp − y)2 − 4(1− yp−1)(3.3)
= (yp−1 − 1)(y2(yp−1 − 1) + 4)
= y2p + y2 − 2y1+p + 4yp−1 − 4.
Therefore, it suffices to show that there exist ∆, y ∈ Fp3 , with y 6= 0 and Trp3/p(∆) =
2Trp3/p(b) =: t, satisfying
(3.4) ∆2 = y2p + y2 − 2y1+p + 4yp−1 − 4.
Assume for the time being that we already have ∆, y ∈ Fp3 , with y 6= 0 and
Trp3/p(∆) = t, that satisfy (3.4). Let y = y1, y2 = y
p, y3 = y
p2 and ∆1 = ∆,∆2 =
∆p,∆3 = ∆
p2 . Then we have
∆21 = y
2
1 + y
2
2 − 2y1y2 + 4
y2
y1
− 4,(3.5)
∆22 = y
2
2 + y
2
3 − 2y2y3 + 4
y3
y2
− 4,(3.6)
∆23 = y
2
3 + y
2
1 − 2y3y1 + 4
y1
y3
− 4,(3.7)
∆1 +∆2 +∆3 = t.(3.8)
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From (3.8) we can express ∆1 in terms of ∆
2
1, ∆
2
2, ∆
2
3 and t through the following
calculation:
(t−∆1)2 = (∆2 +∆3)2,
t2 +∆21 −∆22 −∆23 − 2t∆1 = 2∆2∆3,
(t2 +∆21 −∆22 −∆23)2 + 4t2∆21 − 4t∆1(t2 +∆21 −∆22 −∆23) = 4∆22∆23,
∆1 =
(t2 +∆21 −∆22 −∆23)2 + 4t2∆21 − 4∆22∆23
4t(t2 +∆21 −∆22 −∆23)
,(3.9)
provided the denominator is nonzero. Using (3.5) – (3.7), we can write (3.9) as
(3.10) ∆1 =
P (y1, y2, y3)
4ty1y2y3Q(y1, y2, y3)
,
where
(3.11) P (Y1, Y2, Y3) = 16Y
4
1 Y
2
2 + 32Y
3
1 Y
2
2 Y3 − · · · − 16Y1Y 32 Y 43 ,
(3.12) Q(Y1, Y2, Y3) = −4Y 21 Y2 + 4Y1Y2Y3 + · · · − 2Y1Y2Y 33 .
It follows that
∆2 =
P (y2, y3, y1)
4ty1y2y3Q(y2, y3, y1)
,(3.13)
∆3 =
P (y3, y1, y2)
4ty1y2y3Q(y3, y1, y2)
.(3.14)
Using (3.10), equation (3.5) becomes
(3.15)
G(y1, y2, y3)
16t2y21y
2
2y
2
3Q(y1, y2, y3)
2
= 0,
and using (3.10), (3.13) and (3.14), equation (3.8) becomes
(3.16)
G(y1, y2, y3)
4ty1y2y3Q(y1, y2, y3)Q(y2, y3, y1)Q(y3, y1, y2)
= 0,
where G(Y1, Y2, Y3) ∈ Fp[Y1, Y2, Y3] is a cyclic polynomial of degree 18. More pre-
cisely,
(3.17) G = g18 + g16 + g14 + g12,
where gi ∈ Fp[Y1, Y2, Y3] is homogeneous of degree i:
g18 = −64t2Y 41 Y 42 Y 43 (Y1 − Y2)2(Y2 − Y3)2(Y3 − Y1)2,(3.18)
g16 = 16Y
2
1 Y
2
2 Y
2
3 (16Y
6
1 Y
4
2 − 32Y 51 Y 52 + · · ·+ 16Y 42 Y 63 ),(3.19)
g14 = 8Y1Y2Y3(64Y
7
1 Y
4
2 − 64Y 61 Y 52 − · · · − 64Y 21 Y 22 Y 73 ),(3.20)
g12 = 256Y
8
1 Y
4
2 + 1024Y
7
1 Y
4
2 Y3 − · · ·+ 256Y 41 Y 83 .(3.21)
We will show that there exists y ∈ Fp3 such thatG(y, yp, yp2) = 0 butQ(y, yp, yp2) 6=
0. Once this is done, the proof of the theorem is completed as follows: Clearly,
y 6= 0. Let y1 = y, y2 = yp, y3 = yp2 and let ∆1,∆2,∆3 be given by (3.10), (3.13)
and (3.14). Then (3.5) and (3.8) hold. Let ∆ = ∆1. By (3.8), Trp3/p(∆) = t; by
(3.5), ∆ and y satisfy (3.4).
Choose z ∈ Fp3 such that M(z) is invertible and let
G1 = G((Y1, Y2, Y3)M(z)).
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By Lemma 3.2 below, G has a cyclic absolutely irreducible factor d ∈ Fp[Y1, Y2, Y3].
Let d1 = d((Y1, Y2, Y3)M(z)). Then d | G implies that d1 | G1, Lemma 2.1 implies
that d1 ∈ Fp[Y1, Y2, Y3] and is cyclic, and the absolute irreducibility of d implies
the absolute irreducibility of d1. The Lang-Weil bound [10] states that
|VF3p(d1)| = p2 +O(p3/2) as p→∞.
More precisely, by [4, Theorem 5.2],
(3.22) |VF3p(d1)| ≥ p2−(18−1)(18−2)p3/2−5 ·1813/3p = p2−272p3/2−5 ·1813/3p.
We find that
Res(G,Q;Y3) = 2
16Y 141 Y
8
2 (−256Y 41 −· · ·−8t2Y 41 Y 62 )2(256Y 31 + · · ·+4t2Y 21 Y 72 )2 6= 0.
Hence gcd(G,Q) = 1. Let Q1 = Q((Y1, Y2, Y3)M(z)). It follows that gcd(G1, Q1) =
1. By [4, Lemma 2.2],
(3.23) |VF3p(G1) ∩ VF3p(Q1)| ≤ 182p.
Therefore,
|VF3p(G1) \ VF3p(Q1)| = |VF3p(G1)| − |VF3p(G1) ∩ VF3p(Q1)|
≥ |VF3p(d1)| − 182p
≥ p2 − 272p3/2 − (5 · 1813/3 + 182)p
= p(p− 272p1/2 − (5 · 1813/3 + 182))
> 0
since
p ≥ 1734097 > 1734081 ≈ 1
4
[
271 + (2722 + 4(5 · 1813/3 + 182))1/2]2.
Let (a1, a2, a3) ∈ VF3p(G1) \ VF3p(Q1) and let y = a1z + a2zq + a3zq
2 ∈ Fp3 . Then
G(y, yp, yp
2
) = 0 but Q(y, yp, yp
2
) 6= 0. The proof is complete. 
Lemma 3.2. The polynomial G in (3.17) has a cyclic absolutely irreducible factor
in Fp[Y1, Y2, Y3].
Proof. Let ρ denote the cyclic shift (Y1, Y2, Y3) 7→ (Y2, Y3, Y1) and let σ ∈ Aut(Fp)
be the Frobenius map ( ) 7→ ( )p. Recall that the homogeneous component of the
highest degree of G is
g18 = −64t2Y 41 Y 42 Y 43 (Y1 − Y2)2(Y2 − Y3)2(Y3 − Y1)2.
All pseudo-cyclic factors of g18 in Fp[Y1, Y2, Y3] are cyclic; therefore, all pseudo-
cyclic factors of G in Fp[Y1, Y2, Y3] are cyclic.
1◦ We have
G = a8(Y1, Y2)Y
8
3 + a7(Y1, Y2)Y
7
3 + · · · ,
where
(3.24) a8(Y1, Y2) = 16Y
2
1 α(Y1, Y2, t)α(Y1, Y2,−t)
and
α(Y1, Y2, T ) = 4Y1 + 4TY1Y2 + 4Y
2
1 Y2 + T
2Y1Y
2
2 + 2TY
2
1 Y
2
2 − 4Y 32 − 2TY1Y 32 .
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We claim that α(Y1, Y2, t) and α(Y1, Y2,−t) are irreducible in Fp[Y1, Y2]. The dis-
criminant of α(Y1, Y2, t), as a polynomial in Y1, is
D = 16+32tY2+24t
2Y 22 −16tY 32 +8t3Y 32 +64Y 42 −16t2Y 42 +t4Y 42 +32tY 52 −4t3Y 52 +4t2Y 62 .
Assume to the contrary that D is a square in Fp[Y2]. Then
D − (2tY 32 + aY 22 + bY2 + c)2 = 0,
where a, b ∈ Fp and c = ±4.
When c = 4,
D − (2tY 32 + aY 22 + bY2 + 4)2 ≡ −8(b− 4t)Y2 (mod Y 22 ).
Then b = 4t, and it follows that
D − (2tY 32 + aY 22 + bY2 + 4)2
= −8(a− t2)Y 22 + 8t(−4− a+ t2)Y 32 + (64− a2 − 32t2 + t4)Y 42 − 4t(−8 + a+ t2)Y 52
6= 0,
which is a contradiction.
When c = −4,
D − (2tY 32 + aY 22 + bY2 − 4)2 ≡ 8(b+ 4t)Y2 (mod Y 22 ).
Then b = −4t, and it follows that
D − (2tY 32 + aY 22 + bY2 − 4)2
= 8(a+ t2)Y 22 + 8t(a+ t
2)Y 32 + (64− a2 + t4)Y 42 − 4t(−8 + a+ t2)Y 52
6= 0,
which is a contradiction.
2◦ Write α1 = α(Y1, Y2, t) and α2 = α(Y1, Y2,−t). Let f, h ∈ Fp[Y1, Y2, Y3] be
irreducible factors of G of the form
f = α1β1Y
i
3 + lower terms in Y3,
h = α2β2Y
j
3 + lower terms in Y3,
where β1, β2 ∈ Fp[Y1, Y2]. We first claim that σ(f) = f . Otherwise, fσ(f) | G.
Since σ(α1) = α1, it follows that α
2
1 | a8, which is a contradiction. In the same way
σ(h) = h.
Next, we claim that either f or h is cyclic. Otherwise, ffρfρ
2 | G and hhρhρ2 | G.
Then deg f ≤ 18/3 = 6 and deg h ≤ 6. We must have h ∈ {f, fρ, fρ2}. (Otherwise,
ffρfρ
2
hhρhρ
2 | G, whence degG ≥ 6 · 4 > 18, which is a contradiction.) If h = f ,
then α2 | β1. Hence deg f ≥ deg(α1α2) = 8, which is a contradiction. If h = fρ,
then deg h ≥ 4 + degY3 h = 4 + degY2 f ≥ 7, which is a contradiction. If h = fρ
2
,
i.e., f = hρ, we have deg f ≥ 7, which is also a contradiction. 
4. The Case n = 4
The proof for the case n = 4 is more complicated but is based on the same
approach for the case n = 3.
Theorem 4.1. Let p ≥ 100, 018, 663 be a prime and b ∈ Fp4 be such that Trp4/p(b) 6=
0. Then fb is not a PR of Fp4 . (Note: 100, 018, 663 is the 5, 762, 458th prime.)
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Proof. First, by [8, Conjecture 4.1′], it suffices to show that f1/2 is not a PR of Fp4 .
We have
f1/2(X + Y )− f1/2(X) =
Y F (X,Y )
Z(X)Z(X + Y )
,
where
Z(X) = Xp −X + 1
2
and
(4.1) F (X,Y ) = Z(X)2 + (Y p − Y )Z(X) + 1− Y p−1 ∈ Fp[X,Y ].
It suffices to show that there exists (x, y) ∈ F2p4 with y 6= 0 such that F (x, y) = 0.
To this end, it suffices show that there exist ∆, y ∈ Fp4 , with y 6= 0 and Trp4/p(∆) =
2Trp4/p(1/2) = 4, satisfying
(4.2) ∆2 = y2p + y2 − 2y1+p + 4yp−1 − 4;
see (3.1) – (3.4).
Assume that such ∆ and y exist, and let yi = y
pi−1 and ∆i = ∆
pi−1 , 1 ≤ i ≤ 4.
Then
(4.3) ∆2i = y
2
i + y
2
i+1 − 2yiyi+1 + 4
yi+1
yi
− 4, 1 ≤ i ≤ 4,
where the subscript is taken modulo 4, and
(4.4) ∆1 +∆2 +∆3 +∆4 = 4.
Under the condition (4.4), one can express ∆1 in terms of ∆
2
1, . . . ,∆
2
4 as follows:
(4 −∆1 −∆2)2 = (∆3 +∆4)2,
(4 −∆1)2 +∆22 − 2(4−∆1)∆2 = ∆23 +∆24 + 2∆3∆4,
(16 + ∆21 − 8∆1 +∆22 −∆23 −∆24)2 =
[
2(4−∆1)∆2 + 2∆3∆4
]2
,
(16 + ∆21 +∆
2
2 −∆23 −∆24)2 + 64∆21 − 16∆1(16 + ∆21 +∆22 −∆23 −∆24)
= 4
[
(4−∆1)2∆22 +∆23∆24 + 2(4−∆1)∆2∆3∆4
]
,
(16 + ∆21 +∆
2
2 −∆23 −∆24)2 + 64∆21 − 16∆1(16 + ∆21 +∆22 −∆23 −∆24)
− 4(4−∆1)2∆22 − 4∆23∆24 = 8(4−∆1)∆2∆3∆4.
Squaring both sides leads to
(4.5) ∆1 =
A(∆21,∆
2
2,∆
2
3,∆
2
4)
32B(∆21,∆
2
2,∆
2
3,∆
2
4)
,
provided B(∆21,∆
2
2,∆
2
3,∆
2
4) 6= 0, where
A(X1, X2, X3, X4) = 65536 + 114688X1 + · · ·+X44 ,
B(X1, X2, X3, X4) = 4096 + 1792X1 + · · · −X34 .
In the same way,
(4.6) ∆i =
A(∆2i ,∆
2
i+1,∆
2
i+2,∆
2
i+3)
32B(∆2i ,∆
2
i+1,∆
2
i+2,∆
2
i+3)
, 1 ≤ i ≤ 4.
The equation
(4.7)
[ A(∆21,∆22,∆23,∆24)
32B(∆21,∆
2
2,∆
2
3,∆
2
4)
]2
= ∆21
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can be written as
(4.8)
P (∆21,∆
2
2,∆
2
3,∆
2
4)
1024B(∆21,∆
2
2,∆
2
3,∆
2
4)
2
= 0,
where
P (X1, X2, X3, X4) = 4294967296− 2147483648X1+ · · ·+X84 .
Using (4.6), equation (4.4) becomes
(4.9)
P (∆21,∆
2
2,∆
2
3,∆
2
4)Q(∆
2
1,∆
2
2,∆
2
3,∆
2
4)
16
∏4
i=1B(∆
2
i ,∆
2
i+1,∆
2
i+2,∆
2
i+3)
2
= 0,
where
Q(X1, X2, X3, X4) = −209715− 196608∆21 + · · ·+∆54.
Using (4.3), we can write
P (∆21,∆
2
2,∆
2
3,∆
2
4) = −
216
(y1y2y3y4)8
G(y1, y2, y3, y4),
B(∆21,∆
2
2,∆
2
3,∆
2
4) = −
24
(y1y2y3y4)3
L(y1, y2, y3, y4),
where
G(Y1, Y2, Y3, Y4) = −Y 161 Y 82 Y 83 + 16Y 151 Y 82 Y 83 Y4 + · · ·+ 4Y 81 Y 102 Y 123 Y 164
and
L(Y1, Y2, Y3, Y4) = 4Y
6
1 Y
3
2 Y
3
3 − 10Y 41 Y 32 Y 33 Y4 − · · ·+ Y 31 Y 32 Y 53 Y 74
are cyclic polynomials over Fp of degree 46 and 18, respectively, and degYi G = 16,
1 ≤ i ≤ 4. More precisely,
(4.10) G = g46 + g44 + g42 + g40 + g38 + g36 + g34 + g32,
where gi ∈ Fp[Y1, Y2, Y3, Y4] is homogeneous of degree i:
g46 = − 4(Y1Y2Y3Y4)8
[
(Y1 − Y2)(Y2 − Y3)(Y3 − Y4)(Y4 − Y1)
]2
(4.11)
· [(Y1 − Y3)(Y2 − Y4)]2(Y1 − Y2 + Y3 − Y4)2,
g44 =(Y1Y2Y3Y4)
6(Y 101 Y
6
2 Y
4
3 − 4Y 91 Y 72 Y 43 + · · ·+ Y 42 Y 63 Y 104 ),(4.12)
g42 =2(Y1Y2Y3Y4)
5(Y 111 Y
7
2 Y
4
3 − 4Y 101 Y 82 Y 43 + · · · − Y 21 Y 22 Y 73 Y 114 ),(4.13)
g40 =(Y1Y2Y3Y4)
4(Y 121 Y
8
2 Y
4
3 − 4Y 111 Y 92 Y 43 + · · ·+ Y 41 Y 83 Y 124 ),(4.14)
g38 =2(Y1Y2Y3Y4)
3(2Y 131 Y
8
2 Y
5
3 − 6Y 121 Y 92 Y 53 + · · · − 2Y 51 Y 22 Y 63 Y 134 ),(4.15)
g36 =2(Y1Y2Y3Y4)
2(3Y 141 Y
8
2 Y
6
3 − 6Y 131 Y 92 Y 63 + · · ·+ 3Y 61 Y 42 Y 43 Y 144 ),(4.16)
g34 =4Y1Y2Y3Y4(Y
15
1 Y
8
2 Y
7
3 − Y 141 Y 92 Y 73 + · · · − Y 71 Y 62 Y 23 Y 154 ),(4.17)
g32 =Y
16
1 Y
8
2 Y
8
3 − 16Y 151 Y 82 Y 83 Y4 − · · ·+ Y 81 Y 82 Y 164 .(4.18)
Later, we will use the fact that
(4.19) gcd(G,L) = 1.
This fact follows from the computation that
Res(G(1, 1, Y3, Y4), L(1, 1, Y3, Y4);Y4)
= 2112(−1 + Y3)8Y 563 (3 + Y3)8(−19 + 2Y3 + Y 23 )8(−1 + 8Y3 − 26Y 23 + 3Y 43 )4
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· (−16 + 11Y3 + 88Y 23 − 16Y 33 − 98Y 43 + 5Y 53 + 10Y 63 )4
· (16 + 8Y3 − 204Y 23 + 369Y 33 + 30Y 43 − 76Y 53 − 2Y 63 + 3Y 73 )4
· (256 + 672Y3 + 505Y 23 − 4456Y 33 + 5718Y 43 − 364Y 53 − 1139Y 63
+ 52Y 73 + 52Y
8
3 )
2(−256− 256Y3 + 832Y 23 + 672Y 33 − 1056Y 43
− 392Y 53 + 431Y 63 + 76Y 73 − 66Y 83 − 4Y 93 + 3Y 103 )2
6= 0.
To prove the theorem, it suffice to show that there exists y ∈ Fp4 such that
G(y, yp, yp
2
, yp
3
) = 0 but L(y, yp, yp
2
, yp
3
) 6= 0. Once this is done, the proof of the
theorem is completed as follows: Clearly, y 6= 0. Let yi = ypi−1 , 1 ≤ i ≤ 4. Let ∆i
(1 ≤ i ≤ 4) be given by (4.6) and in (4.6) let ∆2i be given by (4.3), whence ∆i is
defined in terms of y1, . . . , y4. For ∆i so defined, (4.8) and (4.9) are satisfied. Let
∆ = ∆1. From (4.8) we have (4.7) and hence (4.2); from (4.9) we have (4.4), i.e.,
Trp4/p(∆) = 4.
Choose z ∈ Fp4 such that M(z) is invertible and let
G1 = G((Y1, Y2, Y3, Y4)M(z)).
By Lemma 4.2 below, G has a cyclic absolutely irreducible factor d ∈ Fp[Y1, Y2, Y3, Y4].
Then d1 = d((Y1, Y2, Y3, Y4)M(z)) ∈ Fp[Y1, Y2, Y3, Y4] is a cyclic absolutely irre-
ducible factor of G1. By [4, Theorem 5.2],
|VF4p(d1)| ≥ p2 − (46− 1)(46− 2)p3/2 − 5 · 4613/3p
= p2 − 1980p3/2 − 5 · 4613/3p.
Let L1 = L((Y1, Y2, Y3, Y4)M(z)). By (4.19), gcd(G1, L1) = 1. Then by [4,
Lemma 2.2],
|VF4p(G1) ∩ VF4p(L1)| ≤ 462p.
Hence
|VF4p(G1) \ VF4p(L1)| ≥ |VF4p(d1)| − |VF4p(G1) ∩ VF4p(L1)|
≥ p2 − 1980p3/2 − (5 · 4613/3 + 462)p
= p(p− 1980p1/2 − (5 · 4613/3 + 462))
> 0
since
p ≥ 100, 018, 663 > 100, 018, 659 ≈ 1
4
[
1980 + (19802 + 4(5 · 4613/3 + 462))1/2]2.
Let (a1, a2, a3, a4) ∈ VF4p(G1)\VF4p(L1) and let y = a1z+a2zp+a3zp
2
+a4z
p3 ∈ Fp4 .
Then G(y, yp, yp
2
, yp
3
) = 0 but L(y, yp, yp
2
, yp
3
) 6= 0. 
Lemma 4.2. The polynomial G in (4.10) has a cyclic absolutely irreducible factor
in Fp[Y1, Y2, Y3, Y4].
Proof. Throughout this proof, ρ denotes the cyclic shift (Y1, Y2, Y3, Y4) 7→ (Y2, Y3, Y4, Y1)
and σ ∈ Aut(Fp) is the Frobenius map ( ) 7→ ( )p. For any f ∈ Fp[Y1, Y2, Y3, Y4], fi
denotes the homogenous component of degree i in f . For f = fi + fi−1 + · · ·
with fi 6= 0, let f¯ = fi + fi−1X + · · · ∈ Fp[Y1, Y2, Y3, Y4, X ] be the homoge-
nization of f and let f˜ = f¯(Y1, Y2, Y3, Y4,−1) = fi − fi−1 + fi−2 − · · · . Since
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G = g46 + g44X
2 + · · ·+ g32X14, we have G˜ = G. Therefore, if f | G, then f¯ | G,
whence f˜ | G˜, i.e., f˜ | G.
1◦ Let y1, y2, y3 be independent indeterminates and let y4 be a root ofG(y1, y2, y3, Y4).
We claim that 4 | [Fp(y1, y2, y3, y4) : Fp(y1, y2, y3)]. Let ∆i, in terms of y1, . . . , y4,
be given by (4.6) and (4.3). Then (4.3) is satisfied. By (4.3), ∆21,∆
2
2 ∈ Fp(y1, y2, y3)
and it is easy to see that ∆21, ∆
2
2 and ∆
2
1∆
2
2 are all nonsquares in Fp(y1, y2, y3). It
follows that
[Fp(y1, y2,∆1,∆2) : Fp(y1, y2, y3)] = 4.
Hence the claim. (A more general fact which is easily proved by induction: If F
is a field with charF 6= 2 and u1, . . . , un ∈ F are such that for every ∅ 6= I ⊂
{1, . . . , n}, ∏i∈I ui is a nonsquare in F , then [F (√u1, . . . ,√un) : F ] = 2n and
Aut(F (
√
u1, . . . ,
√
un)/F ) ∼= (Z/2Z)n.)
...
...
...
...
...
...
...
...
...
..
...
...
...
...
...
...
...
...
...
..
Fp(y1, y2, y3)
Fp(y1, y2, y3,∆1,∆2)
Fp(y1, y2, y3, y4)
4
2◦ We claim that g32 has no factors with multiplicity > 1. This claim follows
from the following computation:
Res
(
g32(1,−1, Y3, Y4), ∂
∂Y4
g32(1,−1, Y3, Y4); Y4
)
= 2256 · 38 Y 1483 (1− Y3)8(1 + Y3)8 · · · (65536 + 245760Y3− · · ·+ Y 123 )
6= 0.
3◦ We claim that if f ∈ Fp[Y1, Y2, Y3, Y4] is an irreducible factor of G, then
f˜ = f . Assume the contrary. Then f f˜ | G. Write f = fi + fi−1 + · · ·+ fi−s, where
fifi−s 6= 0. By 1◦, i ≥ 4. Note that f˜ = fi− fi−1 + · · ·+(−1)sfi−s. It follows that
f2i−s | g32. By 2◦, we have i− s = 0, that is, f = 1 + f1 + · · ·+ fi. We have
G(Y1, Y2, Y1, Y2) = −28(Y1Y2)12α(Y1, Y2)α(Y2, Y1)β(Y1, Y2)2β(Y2, Y1)2,
where
α(Y1, Y2) = Y
2
1 − Y1Y2 + Y 21 Y2 + Y 22 − Y1Y 22 ,
β(Y1, Y2) = 4Y1 − 8Y2 + Y 21 Y2 − 2Y1Y 22 + Y 32 .
It is easy to see see that α and β are irreducible in Fp[Y1, Y2]. (The discriminants of
α and β, as polynomials in Y1, are Y
2
2 (−3+Y2)(1+Y2) and 16(1+Y 22 ), respectively.
These are nonsquares in Fp(Y2).) Therefore G(Y1, Y2, Y1, Y2) does not have any
nonconstant factor with nonzero constant term. It follows that f(Y1, Y2, Y1, Y2) = 1.
Then
42 = degG(Y1, Y2, Y1, Y2) ≤ deg(G/ff˜) ≤ 46− 2i ≤ 46− 8 = 38,
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which is a contradiction.
4◦ We claim that if f is a pseudo-cyclic absolutely irreducible factor of G, then f
is cyclic. We have fρ = cf , where c ∈ F∗p. Let h = G/f . By 3◦, f = fi+ fi−2 + · · ·
(fi 6= 0) and hence h = hj + hj−2 + · · · (hj 6= 0). Then fihj = g46. Since fi | g46
and fρi = cfi, it follows from (4.11) that
fi = d(Y1Y2Y3Y4)
i1
[
(Y1 − Y2)(Y2 − Y3)(Y3 − Y4)(Y4 − Y1)
]i2
· [(Y1 − Y3)(Y2 − Y4)]i3(Y1 − Y2 + Y3 − Y4)i4 ,
where d ∈ F∗p, 0 ≤ i1 ≤ 8, 0 ≤ i2, i3, i4 ≤ 2. Thus fρi = ±fi. If fρi = −fi, it
follows from fihj = g46 that either (Y1 − Y3)(Y2 − Y4) or Y1 − Y2 + Y3 − Y4 divides
both fi and hj . Then g44 = fihj−2 + fi−2hj is divisible by (Y1 − Y3)(Y2 − Y4) or
Y1 − Y2 + Y3 − Y4 , which is a contradiction.
5◦ We claim that G cannot be written as G = cff ′hh′, where c ∈ F∗p, f, g ∈
Fp[Y1, Y2, Y3, Y4] are irreducible or equal to 1. f
′ = fρ or σ(f), and h′ = hρ or
σ(h). Otherwise, by 3◦, f = fi+ fi−2+ · · ·+ fi−2s and h = hj +hj−2+ · · ·+hj−2t,
where fifi−2shjhj−2t 6= 0. Since G = g46 + · · · + g32, we have 2(i + j) = 46 and
2(i− 2s+ j − 2t) = 32, which is impossible.
6◦ Let
k = min
{
degYi f : f ∈ Fp[Y1, Y2, Y3, Y4] is irreducible, f | G, 1 ≤ i ≤ 4
}
.
Wemay assume that k = degY4 f for some irreducible factor f ofG in Fp[Y1, Y2, Y3, Y4].
Clearly, G does not have any nontrivial factor in F
[
pY1, Y2, Y3], so k > 0. By 1
◦, we
have k ∈ {4, 8, 16}. Let l be the smallest integer such that f ∈ Fpl [Y1, Y2, Y3, Y4].
Case 1. Assume that k = 16. Then G = f and we are done.
Case 2. Assume that k = 8. We claim that f cyclic. Otherwise, by 4◦, f is not
pseudo-cyclic. Then ffρ | G. Since degY4(ffρ) ≥ 8 + 8 = 16, we have G = cffρ
for some c ∈ F∗p, which is impossible by 5◦. Hence the claim is proved.
If l > 1, then G = d fσ(f) for some d ∈ F∗p, which is impossible by 5◦. Hence
l = 1, i.e., f ∈ Fp[Y1, Y2, Y3, Y4].
Case 3. Assume that k = 4. We first claim that fρ
2
= cf for some c ∈ F∗p.
Otherwise, ffρfρ
2
fρ
3 | G. Since degY4(ffρfρ
2
fρ
3
) ≥ 4 · 4 = degY4 G, we have
G = d ffρfρ
2
fρ
3
for some d ∈ F∗p, which is impossible by 5◦. So the claim is
proved. Write f = fi + fi−2 + · · · , where fi 6= 0. Since fi | g46 and fρ
2
i = cfi, we
have c = 1, so fρ
2
= f .
Case 3.1. Assume that f is cyclic. Since fσ(f) · · ·σl−1(f) | G, we have 4l ≤
degY4 G = 16, i.e., l ≤ 4.
If l = 1, then f is a cyclic absolutely irreducible factor of G in Fp[Y1, Y2, Y3, Y4],
and we are done.
If l = 4, then G = efσ(f)σ2(f)σ3(f) for some e ∈ F∗p, which is impossible by 5◦.
If l = 3, G/fσ(f)σ2(f) is a cyclic absolutely irreducible factor ofG in Fp[Y1, Y2, Y3, Y4],
and we are done.
If l = 2, then H := G/fσ(f) is cyclic and belongs to Fp[Y1, Y2, Y3, Y4]. If H
is absolutely irreducible, we are done. So assume that H has a proper absolutely
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irreducible factor h. By the minimality of k, we have degY4 h = 4. If h is not
pseudo-cyclic, then hhρ | H , whence G = ǫfσ(f)hhρ for some ǫ ∈ F∗p, which is
impossible by 5◦. Therefore h is pseudo-cyclic and hence cyclic (by 4◦). If σ(h)/h
is not a constant, we have hσ(h) | H , which leads to the same contradiction. Thus
σ(h)/h is a constant. We may assume that σ(h) = h. Now h is a cyclic absolutely
irreducible factor of G in Fp[Y1, Y2, Y3, Y4].
Case 3.2. Assume that f is not cyclic. By 4◦, f is not pseudo-cyclic. Then ffρ
is a cyclic factor of G. We claim that σ(ffρ)/ffρ is a constant. (Otherwise, f ,
fρ, σ(f) and σ(fρ) are different factors of G. Then G = effρσ(f)σ(fρ) for some
e ∈ F∗p, which is impossible by 5◦.) We may assume that ffρ ∈ Fp[Y1, Y2, Y3, Y4].
Let H = G/ffρ, which is cyclic and belongs to Fp[Y1, Y2, Y3, Y4]. By 5
◦, H is not
a constant. Let h be an absolutely irreducible factor of H . By the minimality of
k, degY4 h ≥ 4. If h is not cyclic, then hhρ | H . Thus G = ǫffρhhρ for some
ǫ ∈ F∗p, which is impossible by 5◦. So h is cyclic. If σ(h)/h is not a constant, then
hσ(h) | H , which leads to the same contradiction. So σ(h)/h is a constant, and we
may assume that σ(h) = h. Now h is a cyclic absolutely irreducible factor of G in
Fp[Y1, Y2, Y3, Y4].
The proof of the lemma is now complete. 
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